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* Arbeitstaging

* Useful



Comments On :

① Physics Background

② Defects And Their BPS States

③ Class S
'

④ Spectral Networks t
Nonabelionization Map

- x-

⑤ RH Problems
, Integral Equations

and Hyperkiihler Geometry



① Physics Background

- Physicists assume many things and
have intuitions and examples in mind
that they take for granted , but which
are not obvious to

anyone
else

.

- Hamburg School on Higgs Bundles ,
Sept . 2018 : Talk # 84 on my homepage

goes back to the beginning :

*Branes t Geometrization of Higgs Mechanism
* 145 Branes

'

* Gd & Theory
* Geometrical pictures for class S

'

{ their
BPS States

Goal :

Explain the physics intuition behind theory
of "

spectral networks
"



② Defects
rn

* F rigorous theory in the context

of extended TQFT ( "cobordism hypothesis
"

)
* In Susy

context : New BPS deg 's
=

4 d N=2 SQFT : DX ) ← DT

line defects→ I ( L , y )
"
framed

"

surface defects → µ (Vij )
"soliton

"

line defeats my SI (Lp ,Jj. )
"framed

in surface soliton"

* 529) ⇒ well - known RH problem
useful for construction of
HK metrics on moduli

WL ; space of solutions to

Hitchin equations on a
R

.
S

. G
'

(with singularities )



other BPS

* deg 's ⇒ similar RH problems

constructing :

a- ) Hyper - halo connections on certain
vector bundles over all

b.) Explicit construction of solutions to
Hitchin equations on R . Surface C

.

Now give some examples of defects .



• Example't: Soliton { framed soliton deg 's :

X exact Kahler w =D I

✓ To: X → a superpotential (halo,Morse )

µ,
W) → It I dined massive LG model

.

(Phys)

→ Fukaya - Seidel category ( Male)

Critical points of W : { of .. } ←

If
.iq.
:# { of :B→ X ,

→④ use
=

• -

d
-⑧x I

h= ¥494 ) - Re @ Wyo dx]
• Rephrased

8h=0 soliton
eg .

dd¥=5VWµµij=X(MorseCompk#
"
soliton degeneracies

"



Consider a infancy of
Morse superpotentials

TE ( lo iz ) , E EEE
→ pm) : Z ,

→ 2-
a path in C

'

Tg
t -

• h = flow ) - RefsW¥Ddx]
oh- o soliton- like eg .

gives a new
Morse complex .

defect :

physical picture µ
Line defeat

it
.

#
ij
'

I

µiµCp)=X(MorseComplex)"fI}#



• Example 2 : Line Defeats In 4 d

Gauge Theory w/ gauge group G

14dspacettnei.IR?xsI#
Wilson : ye God
=

← d

L (RS ) = Tra I exp !!.is?ietAtIpt )
= I

•

§ E ECG) highestwtofR.ee

'

t Hooft :

-Inptegd± : ¢

I' →ifER EEE n I sided t - -
-

attReg)n Ir t - - -

.PE/lcochan.CGIT



Put them together
Pto Q E Adar ⑦ Nco char
-
- -

⇒Wils¥: Laois

These are
"

UVdescn.pl#nsoftheli*ecEs" because they tell

us how to modify the path integral
of the nonabelian field theory .

2-

At I'→ is me home

''

*

F-
• Ex£odod¢ hEAa

This is a long-distance/IR condition

• y n Cp > =ueB=
FIFI

Zao
Tora

fibration



Without line defects ( smooth monopoles)
-

:

sx@T-edimcKqDWeemod.sp
.
)

JAG Turnmire

• With line defeats :

dim (monopole modal)
-

n 4111

use snµ⇒£L¥! psinododosingularity e- Mr

I↳g%8m)=dimo¢er¥L#ym
The

presence of the line defect

.at/E--Iogx The 4S! )
has modified the Hilbert space
as a representation of N=2 super-Paine .

algebra (which contains Hamiltonian)
so spectrum of BPS - or groundstates-
has changed .



• Example 3 : surfaceDefect .

General idea :

- 4 'd spacetime III or K¥1
Coordinates (X, y , Z ,t )

4 -

ctkxyzit
- Thi

. ,z.
: Subspace with fixed Ego .

- 4 d QFT Ey w/ gauge group G
- -

- 2 d QFT ez w/ global symmetriesG
-00 TAI

2d-4dsystem.CC
couple Eg to Ez supported on Riyaz .

Thor ate

by adding to action

s⇒¥÷£



The BPS particles of Ey can bind
to the surface defect

@ y --yo
rt

2-TEO#¥€÷±
"

""

-

→ Nontrivial interplay between
2nd +4 d BPS degeneracies .
If we put a line defect in the
surface defect we get

"framed

2d4d degeneracies
"

yet

"¥.



③ Class S
'

-

ly = S
- S

.

Lie algebra w/ A DE summand,

⇒ Gd QFT 8µg )
See below for comment on the

definition of scaly )
.

• C = Riemann surface

• D =

"

defeat data "

z
divisor c ⇐ support {PI}
choices in eye at Pa

ITI Tf

⇒ 4d QFT S
'

[lg?
Proof: 6 = 4+2 MyXC

partial topological twist ⇒
-

independence of some quantities on
Kehler class of Q!
-

area (c) → o



Example :

→ eye. sure
. Gd

→ C : genus g to
→ D : n punctures , orbit atpa : (

m
-

-ma )-

-

at

4d gauge theory has gauge group Egg
- Lied ) = yE=G4dE

= Oi#Ffg?
- Coupling constants Ig parametrize

confomalstnctmeofcg.ir#
( Many different descriptions based
on pants decomposition : Gaa#otto )

=3

a

- - -

Ty

§ • p, n=0 makes sense
,
but

is qualitatively different .



There are 'tHooft - Wilson

line defects LI⑦Q ,
S

P①Q E Acockeyed) ⑦ Nahar ad)f-
-

-

DrukKer -Morrison -Okuda : These

are Dehn
-Thurston coordinates for

isotopy class of closed I-dimensional

submanifold Papa Cisg
( at least . . .

. when p is connected . - - - )
So we label line defectsbyrun

fqt-isgtgpyc.cl#ofdosedcone.



two
"

facts "

about Gd theory Sig ]

N
.B

.

No definition of Sdg) exists,
even by physical glandaids

where it

is considered obvious that four - d. imensioaal
(non anomalous ) gauge theories

exist
.

An attempt to write a list of

working mules (
"axioms

"

) which physicists
use to produce mathematically well-defied
statements and conjectures can be

found in



my Felix Klein lecture notes in

section 6.6 pp .
78-80 .

See talk#47 on my homepage .



⑦ S⇒ghaedefedg
In Gd spacetime Rigs

H Supp ) = YI. 3×5×8.- BCE
⇒ Line defect in 4dtheor.gg

on {¥ } x S1 Lp
isatin s a "uvla#l"

generalizing theeabdso.tt#t-WilonlinescTx3
(B) Supp (8) fTdT÷¥§"× {¥3 ga}£€g⇒swffetin Eddery, Slag

µ:;::÷:nngi:i:::eTg



② When Sty] is compactified
on a circle

,

the LEET is

JD SYM ⇒ QA

tT:5Tae come.¥E¥g¥¥¥÷
•

eye adjoint
scalar ee

SµyT#Tx3xS.
area ⇐ R2 #

R

µ
,

R2- anak )

Tbi ÷c
Eats µ LEG'E*,

.TT#r.modd=HKt-modldRg-ggggMsvPf-MHitohin



Answer to question
:

"
How did

you get
the Hitchin equations

"

i OD SYM (others are reductionshrouds)

AM
,
I

M -

- o
,
- -
-

, 9

MN

Q 1=0 ⇒ 8 Fans = O .

for a suitable spinor S

one example : Ft = 0 .

another example : Hitchin eqs .

We did not fallow Hitchin's

route of reducing Fto
to

two dimensions
.



IR description Lg> = limes,
F TTT

=b¥%¥¥*""

• Cc Ttc spectral curve
'

IT
=

= Seberg -Witten
curve

C 2- Liouville form
> Abeuuliqrgwgetheoryl-s-wdiffenemtiol.TL
Electro-magnetic change lattice of IR Ab.Thry
→ T is a subquotient of Hic-2,2)
-

Z=§× : T →C determines IR LEET
Tmnt

•--

⇒ lsxr.net
TB

.

talk if A ,
T= HTC-2,2 )



④

Spectral
,

Networks

q

Nonabelianization Map



But we also have other BPS

degeneracies :

①EciFu Tag:c:3::D
•

e-

WE
.

of SI can be deduced by
a simple physical argumentsand to

consistency then implies WCF forR&d

⑦
d

' '

QFT
"

Tf⑤n
② Dz has soliton degeneracies

How to label solitons?

I •⇐_
+ f eassof

Z' ' ' this path is a label
C# soliton sector

.

Z

F-
'

Cz ) = { z
"
}



Seems of Slz are
labeled by If =!fI÷
Pig . (Z

,
z)= {I Hain s c in I s .

t
.

- oI¥E¥ '%
homology

Centralizes 28 = zeit zsa

2-⑧ = for a a-
Soliton degeneracies :

XZ
-

ee

Physical deft of SpectralNew↳¥sk÷÷÷÷÷÷



There is an algorithm for

constructing µ# by evolving
the spectral network from the
branch points of it:

E t C WKB

[curves
^ Ib

,E⇒e f.zjiphasefg.ci f- §
I M¥7 - I
÷

Then apply simple wall- crossing
formulae when lines cross

pjk nik
7 ij

i¥¥.K÷



This can even be implemented

by computer :

I
. Andy Neitzke homepage
2. LION : software written

by Pietro Longhi § Chan Park
- -



③ We can also have domain

walls between $z± and Iza
for Z

, Zz E C
, just like

the LG

easy
at P

②
Zz¥¥¥*%

and these
are labeled by

isotopy classes of paths
p : Z

,→ Zz in Ci

⇒ Framed BPS solitons
-



I

~
9 o

c ⇒ . :÷ho
!

itc
:

Einsiedeln

Solitons :

$z
.

's
,

§
,

→re re . ,z¥!.fr#iizE7.-ge
PCE

.

"
,
z'i'D= {

'

chains in E with

Dez'? ' - ZE
'

' }/u
=

=

Centalchage Zine



The BPS degeneracies SI (p,5,8 )
are determined as follows :

→ Homology Path Algebra : it! )
252L HEKE)
"
Xo

,
Xs
,

= { X.It itm9ee-2A

or else

ftp.st.EEIFT.e.I
"
formal parallel transport

"

P : Z
, → Ze path in G

'



Claim @MN
,
2012J : F!degenenac

1.) r(pf ftp.V-rc-TE.zz )

2
. ) µ ) VE T# z ) FZEC
-

such that

A.) Homotopy invariance : ftp. , 5) =F(pz,5 )
if P ,

~

Pz ( fixed endpoints )
'

B.) Gluing : Ffp
, >
5) Ffp, 5) =E(Pipes)
-

C.) If PANG = § .

e-FCP.is/--se?e+sXpcis:=DCPS
÷ pl 3)

=% .

k¥4



D.) Detour Rule
-

•±)÷¥a
,

sis

EI=DoorDEa÷÷¥¥Y*L
Ideaofproofi Build up the
¥7 andRt) starting
from the branch points :

v

-8 £
; de = I

type,



Remarks
-

i. I Replacing Xr⇒Pq;!Y¥¥g:
on E

Ffp, s) = E Ifpi, r) exp f.jo
"

is the H -transport forInaba.ES#connnexE.fg
,

• gives the noanm mais

Iws : MCE
,
ouch -→ Made, .GL# )

K =# sheets

claim F is holomorphic symplectic .

Only provides coordinates on a

chart in Myat ( C, GUH ) determined
by Ns



2
. ) Fei k

, Andy - fallowing
some earlier work have sought
to generalize the homology
path algebra to a noncommutative

Heisenberg algebra (torpedoed
3.) Themed'degg §. Kasay
Ayo (generating
theFukaya-Seidegory)
There should be categorical
analogs of the above where

⇒ is a functor ial analog
of flat parallel transport .

Fcp) : Br $z
,
) →Br ⇒



For the case of LG
.

models

this was actually constructed in
Gaiolto

-
Moore - Witten

,
2015

.

It should lead to a categorised
Version of Stokes phenomenon .

I

Sij walls were associated
with (

"

s-wall
" ) crossing functors

Gig. in GMW
.
These are

categorical generalizations of
Stokes factors

.



Eampleot2d4d-4ds.ua) pure .

C = D
'

with 2 punctures

5= (fit Uzzt II) dz*
Couple this to QR

'
model

.

It
=

has global su@ ) symmetry .
for A in certain regions
can identify w/ $57
See GMN 1103.2598 section 8.3



Two math references related tothis .

.

• Acs category of branes for Slz :
G

-

Kerr t Y
.

Soibelman 1711.03695

• Math formulation (construction of
functor Fcp) giving categorical
Stokes factors :

M
. Kapranov, Y. Soi belman, L . Sookhanov ,
2011.00845


